The subtraction of a single photon from a multimode quantum field is analyzed as the conditional evolution of an open quantum system. We develop a theory describing different subtraction schemes in a unified approach and we introduce the concept of subtraction modes intrinsic to the process. The matching between the subtraction modes and the modes of the field defines different possible scenarios for the photon subtraction. In particular, our framework identifies: the conditions of pure photon subtraction, the quantum states of the field modes conditioned to the photon subtraction, the mode with the highest fidelity with a single-photon state when the subtraction is performed on multimode squeezed light. We use our theory to analyze the photon subtraction from a highly multimode quantum resource -a train of quantum squeezed or correlated optical pulses. Performing the photon subtraction optimally on various multimode light field has the potential to implement a number of quantum information protocols in a multiplexed and scalable way.
I. INTRODUCTION
In the context of universal quantum computation, all-optical setups have proved to be solid candidates mostly for their robustness against decoherence. It is commonly accepted that two necessary elements are required: quantum states with negative Wigner function and multipartite entanglement. In the discrete variable regime of quantum optics, single-photons are generated probabilistically and possess an intrinsic negative Wigner function. One then has to combine them to produce multipartite entanglement. Such an approach is actively being explored and led to promising results [1] . On the other hand, in the continuous variable regime, high multipartite entanglement can be easily generated deterministically with Gaussian quantum states [2] . One then has to perform a single conditional non-Gaussian operation to turn the initial resource into a worthy candidate for quantum computation. The most straightforward non-Gaussian process one can think about are single-photon subtraction and addition.
Single-photon subtraction has been commonly used to perform many optical tasks in the continuous-variable regime. The successful realizations using this technique include the generation of various key quantum states for quantum optics such as Fock states [3, 4] and cat-like states [5] . In a similar fashion, single-photon subtraction is used in quantum state engineering to achieve hybrid entanglement [6] and to purify entanglement between parties through entanglement distillation [7, 8] . More fundamentally, it has allowed to probe quantum commutation rules along with single-photon addition [9] . In the perspective of quantum computation, singlephoton subtraction is meant to allow one to turn a Gaussian state into a non-Gaussian state thus implementing universal non-Gaussian gates such as a cubic gate [10] [11] [12] . Also, it was demonstrated more recently, that an assembly of photon sub- * Valentin.Averchenko@mpl.mpg.de tracted quantum states are suitable to tackle the boson sampling problem and its intrinsic complexity [13] .
Nevertheless, the subtraction of a single photon has rarely been mixed with some high multipartite entanglement in an experiment. Its theoretical description has been extensively studied in a modal approach on a single mode resource [14] and a two modes multimode resource [6, 7, 15] , the general multimode theory has never been developed. Nowadays, highly multimode light fields are produced by a variety of setups, especially in the continuous variable regime where many modes hosting squeezed vacuum states are mixed together [2, [16] [17] [18] [19] . With single mode resource, the challenge consists in matching the single-photon detection mode to the mode of interest as a mismatch mixes the original state with vacuum and results in the decoherence of the quantum resource. When the resource is multimode, the subtraction or the addition of a single photon happens in a mode-selective manner thus paving the way to the creation of multimode non-Gaussian states.
In the following, we model the single-photon subtraction of a multimode quantum state as the combination of light splitting with a multimode beam splitter and single-photon detection. We show in Sec. II that the two processes combine into an abstract apparatus that performs single-photon subtraction onto a set of eigenmodes with associated subtraction probabilities. With this general framework, we compute the density matrix of a multimode quantum state after a conditional single-photon subtraction and we show how the subtraction modes naturally appear. We discuss the issue of matching the subtraction eigenmodes to the modes of the input state in Sec. III and assess the dependence of the output state purity upon the modes of the subtraction procedure. We show that the single-photon subtraction can be pure or non-pure and characterized by a Schmidt number [20] . We then consider multimode squeezed vacuum as an input state in Sec. IV to illustrate the aforementioned concept of matching and derive two figures of merit: the purity of the subtracted multimode state and the purity of the state embedded within a single mode. Also, in the limit of weak squeezing, single-photon subtraction heralds a state similar to a single-photon state and we construct the optical mode that maximizes the fidelity. In Sec. V, we apply our formalism to the particular case of the single-photon subtraction from a temporally/spectrally multimode light. We derive the subtraction eigenmodes and their probabilities by precisely describing the single-photon detection and two light splitting mechanisms. The first one is linear and relies on a weak beamsplitter and a spectral filter [21] , the second one is non-linear and based on sum-frequency generation [22, 23] . We then discus the results in Sec. VI regarding the exact nature of the multimode quantum light, either a train of squeezed pulses [24, 25] or a train of correlated pulses [2] . We conclude in Sec. VII by summing up our results.
II. GENERAL FRAMEWORK OF MULTIMODE SINGLE-PHOTON SUBTRACTION
A. The single-mode case
In order to introduce the general formalism, we recall the results about the subtraction of a photon from a singlemode light field, whose density matrix writesρ. A singlemode beamsplitter mixes the single-mode light field with vacuum. We write their respective annihilation operatorsÂ and B along with their corresponding optical modes α( r, t) and β( r, t). We remind that a mode of light is simply defined as a normalized solution of Maxwell's equations [26, 27] . Those optical modes contain every physical property of the light field such as space-time dependence, momentum, polarization, optical frequency, etc. The single-mode beamsplitter is represented as a unitary transformationÛ and one can assume the interaction to be weak (θ 1):
On the split arm, a single-photon detector of unit quantum efficiency performs a single-photon detection with annihilation operatorD on an optical mode denoted δ( r, t). The detection operator is a Positive Operator of Measurement (POM) [28] Π =1 − |0 0| that we intentionally reduce to a singlephoton detection operator |1 1| δ in mode δ( r, t). The output signal conditioned on a single-photon detection can then be computed by performing a partial trace over the singlephoton output subspace. The conditioned density matrix readily reads:
Interestingly, P is interpreted as a probability to subtract and detect a single photon and consequently depends on the number of photons of the input state and on the overlap β, δ 1 between the optical modes in which the single photon is carried and detected.
B. A general framework for the multimode subtraction
Here, we develop the general framework to describe the conditional single-photon subtraction from a quantum light in an arbitrary multimode stateρ based on the previous subsection. The procedure is performed through the following steps: light splitting that can be performed via different physical mechanisms (linear beam-splitter, weak parametric upconversion), filtering of the split light (spatially, spectrally) and conditioning the state of the signal light onto the detection of a single-photon in the split arm (see Fig. 1 ).
Single-Photon
Subtractor We choose to represent our multimode beam-splitter as a two-port device coupling some input light modes { α n ( r, t)} of a signal port with some vacuum modes { β n ( r, t)} (whose we will drop the space-time dependence from now) of the optical bath. Those two sets form two orthonormal basis of a function space 2 with its scalar product ., . . Their associated annihilation operators will be denotedÂ n andB n . The input state entering this multimode beam-splitter will be represented by the separable density matrix:ρ⊗|0 0|. The overall interaction between the two ports is summarized by the evolution operatorÛ :
We have assumed weak interaction (θ n 1) so that a first order Taylor development could be performed. The two parties thus exchange a single photon at maximum. Accordingly, we consider that a single photon is to be detected in the split arm. Its detection operatorΠ can be represented as a mixture of single-photon measurements on a set of detection modes { δ m } whose annihilation operators are denotedD m :
where: |1 m δ = |0, ..., 0, 1
Where the coefficients {γ m } are quantum efficiencies associated with the detection modes δ m and represent losses. The δ suffix meaning that the state is written in the basis of modes δ m . One notes that the detection modes are a priori different from the beamsplitter modes.
The output signal conditioned on single photon detection can then be computed by performing a partial trace over the single photon output subspace 3 . As a result the conditioned density matrix reads:
with
and P = n,n
The normalization constant P defines the total probability to subtract a single photon for a given setup. The weak splitting condition, assumed during the derivation ensures P 1. Although distinct physical mechanisms can be applied to split light, exp. (5) shows that the subtraction of a singlephoton is always characterized by a matrix S of coefficients S nn that we will refer to as the subtraction matrix. We know from exp. (6) that the matrix S is positive and hermitian. It can then be eigen-decomposed with eigenvectors v j and eigenvalues σ j so that exp. (5) becomes:
with:
The measurement being imperfect, the detection operatorΠ should eventually be written in terms of Kraus operators as:
And the conditioned density matrix is computed as :
Therefore the overall single-photon subtraction procedure involving multimode light splitting and detection, can be described in terms of orthogonal subtraction modes { v j } with their annihilation operatorsŝ j and efficiencies {σ j } (see Fig.  1 ). Interestingly, the efficiencies σ j are all smaller than unity according to exp. (6) and can be interpreted in terms of subtraction probability per subtraction mode as the total subtraction probability P reads:
In general the single-photon subtraction is multimode and the conditioned state (8) is mixed. The efficient number of subtraction modes, which definition is similar to the one of a Schmidt number [20] , can be characterized with the quantity:
Expression (8) does not mean that there exist a basis where the conditioned density matrixρ − is diagonal. Indeed, the annihilation operatorsŝ j have no intrinsic reason to act on orthogonal subspaces.
Some insight into the properties of the conditioned state (8) can be obtained by calculating its quantum marginals, i.e. reduced density matrices of its subsystems. Further we consider the properties of the conditioned state under different scenarios for the single-photon subtraction.
III. PROPERTIES OF THE SUBTRACTED STATE
Expressions (5) and (8) are general and applicable to describe single-photon subtraction from any arbitrary quantum state of light. From now on, we consider a pure state of light such that there is a basis, defined by mode functions and associated bosonic operators { u k ,â k }, in which the quantum state of the light is factorized:ρ
Moreover, we consider that each single-mode stateρ k is pure and has a null mean amplitude. This assumption is valid for squeezed vacuum states, Fock states, cat states [29] and their superpositions. We introduce an estimator of the multimode character of the light field through the definition of an efficient number of non-vacuum modes N . This definition is inspired from the definition of the Schmidt number and is formally equivalent:
where n k is the mean photon number per mode k. For further analysis, it is useful to introduce an expansion of the subtraction modes over the input modes:
A. Matching the single-photon subtraction
We will show that the photon subtracted stateρ − is pure when the detected photon belongs with certainty to a particular mode. It can result from different cases : the trivial case, when the light field is single mode [27] , the interesting case, when the subtraction procedure is single-mode itself. In the second case, there is only one term in the sum (8) and one can show that a unit purity is achieved with expression (13) . Indeed denoting the corresponding annihilation operator of the subtraction withŝ, the resulting pure state simply reads:
Nevertheless, while the state is pure, the photon subtraction does not necessarily happen in a eigenmode of (11) . Then the following scenarios can be realized:
• In the case whereŝ matches one of theâ k (matched case), the single-photon subtraction acts on a mode that we denote with index "s" so that :
and n s is an average number of photons in the mode.
• In the general case (non-matched) the single photon is subtracted from a linear combination of the eigenmodes of (11):ŝ
A non-matched single-photon subtraction leads to entanglement of the light modes. It can be used to perform entanglement distillation [8, 29, 30] or to achieve a non-Gaussian gate on a node of an optically implemented cluster state [18, 31] .
B. Multimode state purity
In general the photon subtraction is multimode and the output stateρ − is mixed according to (8) . The state purity π of the multimode light can be represented in two ways:
The last expression provides a way to calculate the purity if the subtraction modes and associated efficiencies are known. Also from (7) one gets expressions to calculate the photon subtraction probability:
One can distinguish two extreme cases for the output state depending on the relation between the numbers of squeezed modes N and subtraction modes K. In the case of nonselective photon subtraction, when K N (i.e. S ∝1) the state purity satisfies:
In the opposite case when N K (i.e. n k = const), one can show that the purity reads:
The general statement is that the output state is pure when the detected photon belongs with certainty to a particular mode. Either the light is single mode (N = 1) [27] or the single-photon subtraction procedure is single-mode itself (K = 1).
C. A two-modes example
We illustrate the difference between pure and non-pure single-photon subtraction with a product state of two squeezed vacua:
In the situation where single-photon subtraction is not pure, the photon is subtracted with equal probabilities from each mode. In the above formalism it means that there are two subtraction modes:ŝ 1,2 =â 1,2 and p 1 = p 2 . Then c 11 = c 22 and the purity of the output state, according to (18) , becomes:
A near unit purity is then only achieved if one of the two modes totally overcomes the other with a much higher photon number i.e, if the input state is almost single mode.
When the single-photon subtraction is pure, the photon is subtracted coherently from a superposition of modes, for example:ŝ = (â 1 +â 2 )/ √ 2. Then c 11 = c 12 = 1/ √ 2 and the purity of the output state is then necessarily equal to unity. The output state is a superposition of squeezed vacuum and single-photon subtracted squeezed vacuum:
As expected, the state is non longer factorizable in the original squeezing basis and the modes are entangled. What is at stake is the interplay between the eigenmodes of the squeezed light and the single-photon subtraction modes.
D. State of a single mode
We consider the quantum state of an eigenmode "s" of the multimode squeezed stateρ after single-photon subtraction. The conditional probability p s to subtract a single photon from the target mode among other field modes depends on the overlap of the mode with the subtraction modes and on the number of photons in all modes:
We denote the density matrix after multimode single-photon subtractionρ − | s . It is calculated by tracing out the other modes in the multimode stateρ − and can be generally written as a mixture of the single-photon subtracted single-mode state (ρ − s of eq. (15)) and the initial stateρ s of the mode:
Asρ s is supposed to be pure, its fidelity withρ − s is null and p s defines the fidelity [32] of the resulting stateρ − | s with the single-photon subtracted stateρ
The purity of the state (28) is calculated as:
There are then two reasons for the single-mode state to be mixed. Firstly, when the single-photon subtraction itself is not pure and results in a non-pure multimode stateρ − . Secondly, if the subtraction mode is not matched to the targeted mode, (i.e. | v, u s | 2 < 1) so that the single modes of the multimode stateρ become entangled and the state of a single mode is no longer pure.
IV. PHOTON SUBTRACTION FROM MULTIMODE SQUEEZED VACUUM
From now on, we consider the input signal light to be a pure multimode squeezed vacuum. The explicit expression for the state reads:ρ
where ξ k = r k e iθ k is a complex squeezing parameter of k-th mode.
A. Negativity of the Wigner function
We use exp. (28) to explicit the Wigner function of the state of a given eigenmode "s"of the multimode input state (31) :
where W s , W − s are respectively the Wigner functions of the squeezed vacuum state and the single-photon subtracted squeezed vacuum state [33] , also known as a "squeezed single-photon state":
whereα = α cosh r s − α * e iθs sinh r s is a squeeze coordinate transformation. Both the Wigner functions have extrema at the origin of the phase-space: W s (0, 0) = −W − s (0, 0) = 2/π. In turn, the total Wigner function (32) of the state embedded in mode "s" possesses a negative value at the origin of the phase space only when p s > 1/2. This value constitutes a benchmark for the single-mode subtraction probability.
B. Photon subtraction from weakly squeezed multimode light
In this section, we consider the single-photon subtraction from weakly squeezed multimode light. One might be willing to maximize the fidelity of the heralded state with a singlephoton state. A weakly squeezed state is a superposition of mostly vacuum and a pair of photons 4 delocalized in all modes. Under this assumption, the state (31) can be approximated as:ρ
where we defined Fock states of the eigenmodes u k :
Under this approximation one can get explicit results for the single-photon subtracted state that can be treated as an approximation of the general case for arbitrary squeezing.
The conditional subtraction of a photon heralds a singlephoton state. The corresponding state is derived from exp. (8, 13, 35) and can be written as:
with the coefficients:
We first consider the case where the single-photon subtraction is single-mode and happens in mode v. It is easy to show that instead of exp. (36), ones simply gets a pure single-photon state:
The single photon is then heralded in a mode w that can be written in the basis whereρ as a superposition (nonnormalized) of modes:
position is thus defined by the squeezing parameter of each input mode as well as its overlap with the subtraction mode. 5 Conversely, when the subtraction is not-selective at all (i.e. S ∝ I in exp. (37) ), the heralded single-photon state of exp. (36) 
. The singlephoton is then heralded with the highest probability in the most squeezed mode.
To treat the intermediate situation, we introduce an hermitian matrix L of the single-photon state similarly to the subtraction matrix S. This matrix can be eigen-decomposed on a basis with a set of orthogonal eigenvectors { w l } so that:
5 As an illustration, consider photon subtraction from a CW squeezed light from a degenerate optical parametric oscillator operating below the parametric threshold [34] . The squeezed light possesses sideband squeezing in the bandwidth of resonance of the oscillator cavity. One can model it as frequency dependent squeezing ξ k → |ξω| ∝ (1 + 4ω 2 /γ 2 ) −1 of continuous modes of squeezing u k → uω(t) ∝ e iωt . Here we denote FWHM of the cavity resonance with γ/2π. Consider instant subtraction of a single-photon from this light. One can model it with the following delta-like subtraction mode v → δ(t). Then one gets for the mode of the heralded photon w → dωe iωt /(1 + 4ω 2 /γ 2 ) ∝ e −γ|t| . It is a double-sided exponent reproduced in different works on the photon subtraction [3, [34] [35] [36] . We have illustrated its derivation using the developed multimode approach.
The substitution of exp. (39) into exp. (36) gives the singlephoton density matrix in a diagonal form, i.e. as a sum of single-photon states in orthogonal modes:
where:
The highest eigen-value in the decomposition defines the mode where the photon is heralded with the highest probability. In general, this mode is different from the eigenmodes of the original input state. We denote this mode with the index "f", the state embedded in this mode is a statistical mixture of a single-photon state and vacuum state:
The coefficient p f gives the conditional probability to herald a single photon in the mode "f". It is also the fidelity of the state in mode "f" with the single-photon Fock state. The Wigner function of the state in mode "f" can be written with the expressions (32, 34) , where one have to setα = α. It leads to a statistical mixture of vacuum and a single-photon state. Then, the Wigner function has negativity at the origin of the phase space only when p f > 1/2. Furthermore, since the following relation always holds: p f ≥ p s 6 , the Wigner function of mode "f" will be the better candidate to find negativity.
To summarize, we have calculated the purity of the multimode squeezed light after the subtraction of a single photon and have derived the conditions to get a pure output multimode state. We have calculated the reduced density matrices in different light modes. Firstly, we have calculated the state of an individual mode of squeezingρ − | s completely defined by the conditional probability p s of the single-photon subtraction from this very mode. In turn, when the light is weakly squeezed the photon subtraction heralds the light in a singlephoton state. We have then found a mode where the singlephoton state is heralded with the highest conditional probability p s .
V. PHOTON SUBTRACTION FROM SPECTRALLY/TEMPORALLY MULTIMODE LIGHT
The results obtained above are applicable to describe the photon subtraction from any type of light modes. Herein, we focus on spectrally/temporally multimode light and consider two subtraction methods performed via traditional beamsplitting [21, 25] and via weak parametric up-conversion, recently studied in [23] . In the second case the subtraction of a photon from signal light is efficiently performed via its parametric up-conversion in a non-linear medium by strong gate field.
A. Linear/non-linear subtraction Both linear and non-linear methods of the photon subtraction are of probabilistic nature. We assume that the probability to extract more than one photon from a signal field is negligibly small. It is achieved using a low reflectivity beamsplitter or weak up-conversion. The extraction of a photon from signal a field with annihilation operatorâ into an auxiliary field with creation operatorb † can be described in the frequency domain by the following operator:
The expression is the counterpart of the exp. (3) in the frequency domain.
In the case of a beamsplitter the interaction kernel is diagonal in the frequency domain meaning that photon energy is preserved during the exchange:
With r being the amplitude reflection coefficient, such that r 1. In the up-conversion, input and converted photons have different energies compensated by the energy of the gate field. The spectrum of the gate field is described by the normalized function α(ω), such that dω|α(ω)| 2 = 1. The process efficiency is governed by the phase-matching condition in the non-linear medium described by the function Φ(ω, ω ). While the up-conversion can be performed in different geometries/regimes (e.g. non-collinear [23] , collinear [22] ), we consider a model case described by the following interaction kernel:
Expression (44) is obtained through Mercer's theorem and represents the Schmidt decomposition of the kernel of parametric interaction [37] . The decomposition shows that the parametric process operates as a beamsplitter for broadband modes [22, 38] at signal and up-converted carrying frequencies {ϕ n , ψ n }, respectively, with the reflection coefficients {r n } and multiplier C which is proportional to the length of the non-linear medium and square root of the energy of the gate pulses [23] .
Spectral filtering of an extracted photon with the transmission F (ω) (such that |F (ω)| ≤ 1) can be described in the expression (42) via the replacement:
The expression requires two comments. Firstly, we assume post-selection on the successful detection photons that passed the filter. Therefore we have omitted the term that describes loss of the photon due to the filtering. Secondly, the filter function F (ω) enters into the expression without complex conjugation as one could expect. It reflects the following time ordering of physical processes: firstly, beamsplitting according to (42) and, secondly, subsequent filtering. Conjugation of the function would correspond to the reversed order of these processes.
B. Time-resolved detection of a photon
In this section we refine the definition of the single-photon POMΠ with particular emphasis on time-resolving measurement. Let us note that the modeling of frequency resolving photon detection has been considered in a number of papers, such as [14, 39] .
The photon detection can be performed with a detector that does not resolve number of photon or with a photon resolving detector. A non photon-number resolving detection conditions the signal field into a mixed state in general [40] . We will assume that the probability to have more than one photon in the split field is negligibly small. This is guaranteed by the assumption that the splitting is weak. Therefore click for both types of detectors can be treated as a detection of a single photon.
Time-resolved measurement of a single photon can be modeled as the projection onto an "instant" single-photon state:
Realistic photodetectors have a finite temporal resolution (due to temporal response of the electronics, known as jitter) that makes the click appearance classically random in some time interval. It becomes particularly important in the detection of short optical pulses. We model it through a detector response function γ(t), that defines a time window of the detector response if a photon hits the detector at time instant zero. Assuming stationary detector properties, we describe the detection operator at the moment t as a statistical mixture of "instant" photodetections:
In the limiting case of time non-resolving photodetection, i.e. γ(t) = 1, the operator takes the following form:
where we also introduced a monochromatic single-photon state: |1 ω =b † (ω)|0 . Then last equality means that detected photon is also not resolved in frequency.
C. Conditioned density matrix
Detection of a photon in a split beam results in a conditionally single-photon subtracted state of the signal light. The state is calculated as follows:
using the evolution operator (42), the measurement operator (48) and tracing out the resulting density matrix over the basis of the split beam. Here we consider the case of slow detector as this detection regime is of particular importance to describe the single-photon subtraction from the pulsed quantum light that we will consider in the next section. The general case is treated in Appendix A. Then the conditioned density matrix reads:ρ
The subtraction kernel for a beamsplitter is diagonal in the frequency domain:
For weak up-conversion we assume no filtering of upconverted photons (for general case see Appendix A) and get:
Expression (52) means that the subtraction modes are defined by the modes of the up-conversion process and the subtraction efficiencies are given by the squares of the up-conversion efficiencies (i.e. v j (ω) = ϕ j (ω) and σ j = |C| 2 r 2 j ). In the following section we compare these two methods for photon subtraction from particular types of multimode light.
VI. DEGAUSSIFICATION OF PULSED MULTIMODE SQUEEZED LIGHT
In this section we consider two types of temporally/spectrally multimode quantum light produced by different experimental setups. Firstly, we consider an individual short pulse of squeezed light generated by single-pass degenerate parametric down conversion of a pump pulse in a nonlinear medium such as a bulk crystal [24, 25] or a non-linear wave-guide [22, 41] . Secondly, we consider a train of correlated pulses, known as a frequency comb [2] hosting a multimode squeezed quantum state.
A. Degaussification of squeezed single pulses
A single pulse can be represented in general as a tensor of broadband independently squeezed modes [42, 43] . The modes can be approximated by Hermite-Gaussian functions for the Gaussian pump pulses driving the parametric downconversion. Using the notation of the Sec. III one can write for the eigenmodes in the frequency domain:
where H k is the Hermite polynomial of the k-th order. We assume that there are N squeezed modes with n k photons per mode. Also odd and even modes are squeezed in orthogonal quadratures [44] . To summarize:
within the approximation of weak squeezing. Usually in the experiment a train of independently squeezed pulses is generated using a periodic pump [25] . Fig. 2 illustrates timing of the photon subtraction at the time instant t qualitatively preserving a scale between main parameters: duration of pulses τ [fs-ps] < coherence time of filtered photons ω . Then the photon subtraction is selective with respect to individual pulses. On the other hand the detector performs averaging over a pulse and can be described by the expression (48) as infinitely slow on the time scale of a pulse duration.
Photon subtraction with beam-splitting and filtering
The photon subtraction probability from a single pulse and the purity of the resulting multimode state are obtained substituting the corresponding kernel (51) into expressions (17) and (19) and taking into account identity (53) and state property (54). One gets for the purity :
and the subtraction probability :
where elements of the subtraction matrix in the squeezing basis are defined
These elements are proportional to the overlap between the filtered eigenmodes of the input multimode state. To get explicit results we model the spectral transmission of the filter with a Gaussian function of bandwidth ω f centered at the carrier frequency of the signal light:
One notes that the overlap matrix in this case can be calculated analytically 7 . Such a symmetric filter cancels odd HermiteGaussian modes because of their parity. It thus increases the selectivity of the photon subtraction and enhances purity of the resulting state. Fig. 3 represents multimode state purity alongside with the normalized subtraction probability P/nr 2 (normalizing by nr 2 allows us not to choose any specific values for n and r). Both quantities depend on the filter bandwidth and on the number of squeezed modes. In the limit of broad filtering the subtraction is non-selective and purity on the right hand side tends to the limiting values given by inversed number of eigen-modes (see (21)). On the other side strong filtering results in the pure photon subtracted multimode state at the expense of reduced subtraction probability. More detailed consideration in the Appendix A 1 shows that the resulting state is pure when the filter bandwidth is narrower than inversed temporal resolution of the detector.
Let us characterize a state of an individual mode of squeezing that we denote with index "s". As it is shown in (28) the state is defined by the conditional probability p s of the photon subtraction from the mode. Using (26) 
) when k + k is even, otherwise zero, and α 2 = Then Fig. 4 represents the subtraction probability calculated for the first Gaussian squeezed mode. It is also the mode that possesses the highest value of the subtraction probability in comparison with the higher order modes. For the considered parameters the probability p s is inferior to the critical value of 1/2. Thus the Wigner function (32) of the state of this particular mode does not possesses negativity. Let us consider in more details the case of weakly squeezed light. The above results do not depend on squeezing parameter and are valid. On the other hand the photon subtraction heralds the light in the single photon state. One can find a mode, that we denote with index "f", where the photon is heralded with the highest probability. As it is shown in Section IV B it is the eigenmode of the matrix (37) with the largest eigen-value. For considered in this section conditions (54) and (57) the matrix reads: L kk ∝ (−1) k+k S kk = S kk , where k, k = 0 . . . N − 1. The last equality holds, since S kk is zero for odd k + k . Then the largest heralding probability and corresponding single-photon mode can be calculated as follows Fig. 5 represents for different filtering both the conditional probability of a single photon and the corresponding mode in the basis of squeezed modes (see insets). For narrow filter on the left hand side the subtraction heralds with unit probability a pure single-photon state. This narrowband photon is distributed between modes of squeezing according to their amplitudes at the origin. For moderate filtering the probability decreases, but still above one-half threshold for experimentally achievable region. In this region the corresponding Wigner function possesses negative values. In the no-filtering limit the subtraction becomes non-selective. The photon is heralded in each equally squeezed mode with the probability 1/N . 
Photon subtraction via weak up-conversion
We consider the photon subtraction from a multimode squeezed pulse by weak parametric interaction with a synchronized gate pulse in a non-linear medium. Such a noncollinear configuration is described in details in [23] . Fig.6 illustrates the corresponding spectral profiles {v j (ω)} of the first six subtraction modes estimated for a gate pulse spectrum matched to the first Hermite-Gaussian mode leading to a Schmidt number of about 1.5. The Hermite-Gaussian profiles {u k (ω)} of modes of squeezing are also represented along with the distribution of subtraction efficiencies {σ j } normalized to unity. We calculate the overlap coefficients between subtraction modes and modes of squeezing, i.e.
c jk = dω v * j (ω) u k (ω). We also assume that there are N equally squeezed modes in the signal light possessing equal number of photons, i.e. n k=0...N −1 = n. It is then straightforward to calculate the purity of the heralded multimode state (18) . To calculate the subtraction probability (20) , one needs to know the absolute values of σ j computed in [23] . The results are shown on Fig. 7 with respect to the number of equally squeezed modes. Starting from a pure state on the left hand side the state purity decreases for a multimode light and reaches a limiting value given by the inversed number of subtraction modes K −1 . One notices that the non-selective photon subtraction, depicted by the grey curve, results in a noticeably smaller state purity. The depicted subtraction probability P/nI is normalized to the number of photons per mode and to average energy of gate pulses per unit area. One can check with expression (44) ) that this probability increases slightly with the number of squeezed modes, meaning that photons are mostly subtracted from the first squeezed modes.
The conditional subtraction probability calculated from the first squeezed mode is higher than one-half level (see Fig. 8 ) and the Wigner function of the reduced state will have negative values. It is due to the fact that the mode almost perfectly coincides with the first subtraction mode (defined by the Gaussian gate pulses) having the highest subtraction probability. Also, the calculation performed in the weak-squeezing approximation (see dashed line in Fig. 8 and the inset therein) shows that both the probability and the mode of the heralded single-photon state almost coincides with the first squeezed mode.
The aforementioned results show that both subtraction methods lead to the same purity of the multimode state under the experimentally relevant conditions. However in the second case the probability to subtract a photon from the first Hermite-Gaussian mode is greater than 1/2, while lesser in the first case. The reason is the following. In the first case photon is subtracted from a narrow band around central fre- quency that overlaps with N/2 even squeezed modes. In the second case, there is almost unique overlap between the first squeezed mode and the subtraction mode. The single-photon subtraction is then almost single-mode. It is worth noticing that [23] shows that the Schmidt number can be further decreased with a wider spectrum of the gate pulse thus leading to a purer single-photon subtraction. Still, with a gate pulse matched to u 0 (ω), the achievable value of the subtraction probability is enough to obtain significant negativity in the state Wigner function. Interestingly, the total subtraction probability P allows one to assess the rate of subtraction events for the two methods. For example, for N = 10 equally squeezed modes , a filter bandwidth of half the width of u 0 (ω) and a 1% reflective beamsplitter, one could expect P/n ≈ 1.2 × 10 −2 per pulse for the linear scheme. On the other hand, for the same number of equally squeezed modes, a gate pulse energy of 1nJ and a beam diameter of 1mm 2 , one could expect P/n ≈ 3.9×10 −4 per pulse in the non-linear apparatus. Single-photon subtraction is thus about 30 times more efficient with a simple beamsplitter than through non-linear interaction but the performance of the latter in terms of state purity and selectivity has been shown to be much better.
B. Degaussification of a squeezed frequency comb
We consider here the single-photon subtraction from a multimode squeezed frequency comb [2] . Its highly multimode intrinsic structure and unique spectral and temporal modal properties are promising for measurement based scalable quantum computation [18] . As single squeezed pulse, such a comb is usually generated by a pump pulse undergoing parametric down-conversion in a non-linear medium, generally an optical crystal. The whole optical non-linear process takes place in a optical cavity whose free spectral range governs the comb spectral structure. The optical cavity allows resonant build up of the field inside it and leads to higher squeezing per unit pump power (−4.2dB [2] ) as compared with a single-pass configuration (−2.0dB [24] ).
Within the cavity, parametric down-conversion populates the optical spectrum with correlated signal and idler photons [18] . Because of energy conservation, those photons can only exist around different resonances of the optical cavity with respect to the cavity bandwidth. A single squeezed mode in the frequency domain is a superposition of sidebands equally separated from their optical cavity resonances [46, 47] . This mode is independent from other sets of sidebands frequencies and hosts a squeezed quantum state. The whole system is thus highly multimode. For a pump with Gaussian pulses, a single squeezed mode in the time domain is an infinite train of correlated Hermite-Gaussian pulses with a fixed phase relations between pulses. In the time domain, the correlations between the same Hermite-Gaussian pulses are due to the optical cavity lifetime so that interpulse correlations are exponentially decaying. The number of effectively correlated pulses is thus roughly given by the cavity finesse.
It is worth noticing that, under experimentally relevant conditions, the single-photon subtraction happens in a single pulse of a train. The results obtained previously in Sec. VI A for the purity of a conditioned multimode state and the subtraction probability hold for both subtraction protocols. The first change is that n k becomes a number of photons per single pulse of a given mode, not per mode (see Appendix B). Moreover, the state of a squeezed mode after single-photon subtraction will be different from Sec. VI A. Indeed, as the single photon is subtracted from an infinite train, its impact on the embedded state will be negligible Thus the Wigner function of the embedded state is not likely to be significantly affected and will not possesses any negativity. In order to measure a non-Gaussian Wigner function, one has to experimentally isolate the temporal mode where the single-photon subtraction happens, just as in the continuous wave regime [36] . FIG. 9 . Temporal mode of a single photon state conditioned on the single-photon subtraction from a weakly squeezed frequency comb. We assumed that the subtraction is performed from the first HermiteGaussian mode of a single pulse.
Finally, in the weak squeezing approximation, N independent coherent superpositions of vacuum and a two-photon states are hosted by different single squeezed mode (just like the squeezed light generated by a continuously pumped optical parametric oscillator [3] ). The detection of a single photon heralds a single-photon state. The mode where this single photon appears with the highest probability (being also the mode with the most negative Wigner function) can be estimated using the previous results and the treatment of the single-photon subtraction from continuous squeezed light [3, 35, 36] . Then Figs.5 and 8 show a mode where the photon is contained within a single pulse with the highest probability for the two different subtraction methods. The singlephoton state is nevertheless still delocalized within a well defined temporal mode with an exponentially decaying profile. This mode is centered in the time domain around the singlephoton detection instant as illustrated on Fig. 9 . The precise determination of this temporal profile is critical if ones wants to perform quantum state tomography through homodyne detection [36] .
VII. CONCLUSION
We have introduced a general framework that allows to fully describe the subtraction of a single photon from a multimode quantum state through the computation of the process eigenmodes and eigenvalues. The strength of this formalism is its adaptability to the modal description of the multimode state considered. It can as well perfectly describe single-photon addition on similar resource. We have shown that, given the modal nature of the state, of the splitting mechanism and of the single-photon detection, this framework predicts the properties of the single-photon subtracted multimode state. One can then assess the selectivity of the single-photon subtraction or the entanglement introduced between modes that were at first independent. As an example, we have applied this formalism for multimode squeezed vacuum in the weak squeezing approximation to determine the mode hosting a state that had the higher fidelity with a single-photon state. In a more ambitious perspective, we have been able to fully determine the properties of a subtracted spectrally squeezed multimode state for both subtraction methods. We have shown that a weak beamsplitter and a spectral filter result in a non-pure subtraction, thus readily degrading the multimode state purity to a point where no negativity can be observed in the Wigner function of the state of any mode. On the other hand, subtracting a single photon via up-conversion engineered by a gate pulse allows one to keep a high overall state purity and even higher purity and Wigner function negativity for the target mode. While a weak beamsplitter and a spectral filter constitute a simple and easily implemented solution compared to parametric up-conversion, its lack of selectivity makes this solution unreliable to fully engineer multimode quantum states. On the contrary, controlling single-photon subtraction with a shaped gate beam offers wide possibilities of tuning the degaussification of multimode quantum states.
where σ = r 2 and ε = τ d ω f . The number of subtraction modes is characterized with a Schmidt number K given by:
Using above expressions one can distinguish the following regimes of the photon subtraction depending on relation between filter and photodetector parameters
• single-mode (fast detector and narrow filter τ d ω f 1)
The only subtraction mode is defined by the filtering function;
• multi-mode (slow detector and broad filter τ d ω f 1)
To have an additional intuition let us consider the photon subtraction in the temporal domain. Using beamsplitter transformation (42) one arrives at the wave-function of the signal and split beams after the beamsplitter and filtering (45):
where f (t) = (2π)
dω F (ω)e −iωt is a response of the filter in the temporal domain. Then instant detection of a photon at time t in the split beam projects signal beam on the following state |out ∝â t |in ,
where:â t ∝ dt f (t − t)â(t )
The expression means that a photon is subtracted from a spectro-temporal mode defined by the filter. When the photon detection has a finite temporal resolution described by the expression (47) the conditioned signal state is mixed
One notes that subtraction modes, defined in this way, are not orthogonal for different τ . Orthogonal modes are obtained via eigen-decomposition of the subtraction kernel performed above.
Weak parametric up-conversion
The characteristic time-scales of the parametric upconversion are defined by the duration of gate pulses and inversed bandwidth of the up-conversion which are typically much shorter than the temporal resolution of the detector. Assuming also that the spectral filtering of the up-converted photons is moderate it is reasonable to treat photodetector as a slow one and use in the expression (A2) the approximation Γ(ν − ν ) ≈ δ(ν − ν ). One gets the following subtraction kernel S(ω, ω ) = dνR * (ν, ω)R(ν, ω )|F (ν)|
(A17)
To get explicit results consider the up-conversion in a degenerate type-I configuration in a bulk crystal [23] . Assuming collinear interaction of signal and gate fields the parametric kernel is the product of the spectral distribution of gate field and phase-matching function, i.e. R(ω, ω ) ∝ α(ω−ω )Φ(ω). Under the chosen conditions the phase-matching function depends only on the frequency of the up-converted photon. Then the subtraction kernel reads
One sees that reducing phase-matched bandwidth of the upconversion (for example, choosing longer nonlinear medium) and performing narrowband filtering of the converted photon, so that Φ 2 (ν)|F (ν)| 2 ∝ δ(ν), one can reach the single-mode regime where the only subtraction mode is defined by the gate pulse: S(ω, ω ) ∝ α * (ω)α(ω ). To get analytical results let us consider up-conversion with the Gaussian gate pulses:
Further, using the relation sinc(x) ≈ e 
where σ = 2 √ π|C| 2 /τ g and ε = 1/ 1 + τ 
Firstly, the single mode subtraction is achieved for narrowband up-conversion with long crystal. Secondly, filtering of the up-converted photon can further reduce Schmidt number of the process. Then the only subtraction mode is defined by the gate pulse.
